The high-quality-factor mechanical resonator in electromechanical systems has facilitated dynamic control of phonons via parametric nonlinear processes and paved the development of mechanical logic-elements. However the resonating element with a narrow bandwidth limits the resultant operation speeds as well as constraining the availability of nonlinear phenomena to a narrow spectral range. To overcome these drawbacks we have developed phonon waveguides in which the mechanical analogue of four-wavemixing is demonstrated that enables the frequency of phonon waves to be converted over 1 MHz. We harness this platform to execute multiple binary mechanical logic gates in parallel, via frequency division multiplexing in a two-octavewide phonon transmission band, where each gate can be independently reconfigured. The fidelity of the binary gates is verified via temporal measurements yielding eye diagrams which confirm the availability of high speed logic operations. The phonon waveguide architecture thus offers the broadband functionality that is essential to realising mechanical signal processors.
The high-quality-factor mechanical resonator in electromechanical systems has facilitated dynamic control of phonons via parametric nonlinear processes and paved the development of mechanical logic-elements. However the resonating element with a narrow bandwidth limits the resultant operation speeds as well as constraining the availability of nonlinear phenomena to a narrow spectral range. To overcome these drawbacks we have developed phonon waveguides in which the mechanical analogue of four-wavemixing is demonstrated that enables the frequency of phonon waves to be converted over 1 MHz. We harness this platform to execute multiple binary mechanical logic gates in parallel, via frequency division multiplexing in a two-octavewide phonon transmission band, where each gate can be independently reconfigured. The fidelity of the binary gates is verified via temporal measurements yielding eye diagrams which confirm the availability of high speed logic operations. The phonon waveguide architecture thus offers the broadband functionality that is essential to realising mechanical signal processors.
Mechanical computing was pioneered in Babbage's difference engines in 1822 1,2 but this platform was rendered obsolete with the emergence of the transistor in 1947 3 . Nowadays transistor technology faces the wellknown limitations of Moore's Law but interestingly, mechanical systems have resurfaced again as an alternative technology for computational hardware 4 . Advanced fabrication techniques have enabled the creation of nano/micro-electromechanical systems (N/MEMS) where the mechanical element inhabits a tiny footprint, in contrast to its archaic ancestors, and the integrated electrical circuit provides the means to manipulate mechanical vibrations i.e. acoustic phonons with miniscule power consumption [5] [6] [7] . Indeed this latter prospect in particular has stimulated a flurry of activity to develop mechanical components that could be exploited in a nanomechanical computer [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . A binary logic gate is at the heart of a digital computer which is constructed by wiring multiple transistors into a circuit. As a first step, the primary logic gates (AND, OR, NOT/XOR 12, 15, 16, 22, 23 ) were replicated using N/MEMS where binary information was encoded into either the amplitude or phase of the mechanical vibration. Subsequently logic circuits were also developed either by combing mechanical elements 17 or by spectrally multiplexing a single mechanical resonance 16 . In particular this latter approach was predicated on parametric oscillations which could be activated by nonlinearly varying a parameter of the mechanical element via electrical means [24] [25] [26] [27] [28] [29] . Indeed the dynamic control of phonons in this regime provides a universal platform in which logic-circuits 16, 23 , memory 13 , switches 18, 23 and a shift register 19 can be implemented namely all the key components one would need to build a nanomechanical computer. In spite of the success of this approach it comes at the cost of a narrow operation bandwidth due to the high quality factor of the mechanical resonance which while enhancing the fidelity of the nonlinear modulation at the heart of the parametric oscillations, it limits the processing speed of the resultant logic operations. This in turn suppresses the processing power of such a mechanical computer to the point where it becomes an unviable alternative to transistor based computation.
To overcome this drawback we demonstrate the above concepts using a phonon waveguide (WG) which is composed from an array of vibrating membranes that are strongly coupled and it results in their individual resonances merging to give rise to a broadband transmission band 18, 30 . The broad transmission band can still host a Duffing nonlinearity, corresponding to a cubic term of the mechanical vibration amplitude, which can be activated due to the strongly confined vibrations within the membrane array and by exciting the WG from the highly efficient piezoelectric transducers that are integrated directly into the membranes. This nonlinearity is harnessed to implement the mechanical analogue of fourwave-mixing (FWM) [31] [32] [33] which enables AND, OR and XOR logic gates to be executed with the speeds exceeding previous mechanical resonator-based demonstrations.
I. RESULTS
Phonon waveguides. The phonon WG, shown in Fig.  1(a) , consists of a one-dimensional array of coupled membrane mechanical resonators made from a GaAs/AlGaAs heterostructure 18, 30 . Periodically arrayed air-holes are defined on the 1mm long WG which are used to suspend the membranes as described in Methods. The experiments were performed using two WGs having (w , a) = (34, 8) and (34, 12) in µm, where w and a are waveguide width and hole pitch respectively, and hereafter they are labelled WG 1 and WG 2 respectively. The piezoelectric effect in the GaAs-based structure enables phonon vibrations to be excited by applying an alternating voltage to one of the electrodes located on both edges of the WG. The resultant phonons travel down the WG and are measured at the other edge via optical interferometry. All the experiments were performed at room temperature and in a high vacuum (2 × 10 −4 Pa).
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First the spectral response of the phonon transmission in WG 1 is investigated by exciting and measuring phonon waves at the left and right edges respectively. The phonon vibrations are observed from 1.5 to 8.2 MHz as shown in Fig. 1(b) where equidistant peaks from Fabry-Perot (FP) resonances can also be seen. Although the existence of the periodic air-holes can give rise to a phonon bandgap around 6.5 MHz in this device, the existence of another phonon branch at this frequency obscures it in the spectral domain thus permitting a continuous band of mechanical vibrations over two-octaves wide to be accessed in the phonon WG 30 .
Four wave mixing. The WG structure can effectively confine phonon waves within the suspended membranes and in combination with the highly potent piezotransducers. It enables nonlinearities to be induced into the elastic restoring force 27, 29 . The strong excitation of a pump phonon wave with frequency f p activates a cubic, namely Duffing, nonlinearity in the elastic restoring force which enables FWM to be executed. This allows an incident signal phonon wave with frequency f s to interact with the pump wave which in turn generates a new idler phonon wave with frequency f i = 2f p − f s . In contrast to the parametric frequency modulation of the restoring force previously employed to implement threewave-mixing (TWM) in a resonating electromechanical system to execute logic gates and circuits 16 , the FWM process is suited to the phonon WG as the frequencies of the phonon waves involved in this process are more closely spaced which enables phase matching between the different waves to be readily satisfied in addition to energy conservation.
In order to confirm the availability of FWM in the phonon WG architecture, the spectral response of WG 2 is monitored by simultaneously activating a weak signal (blue) and a strong pump wave (red). The results of this measurement shown in the lower panel of Logic operations in the phonon WG. The mechanical FWM can be harnessed to implement the AND, OR and XOR fundamental logic gates. In this approach two signal waves at f s1 and f s2 = f s1 + ∆ are used to encode binary logical inputs and the generated idler wave yields the binary output with the presence (absence) of a phonon vibration being defined as 1 (0). By adjusting the number, frequency and phase of the pump waves used to activate the mechanical FWM, a range of idler waves can be generated whose signal wave dependence enables AND, OR and XOR gates to be created in the phonon WG. In practice the primary logic gates are implemented in one of four spectral regions defined in WG 1, henceforth labelled G1, G2, G3, G4 and detailed in Fig. 1(b) , yielding a Boolean logic gate array in frequency space.
In order to implement an AND gate, a pump wave (f p ) and two signal waves (f s1 and f s2 ) are simultaneously injected into the WG resulting in two idler waves being generated at f
= 2f p − f s2 from FWM. These idler waves then serve as seeds for further FWM yielding secondary idler waves at f
i1 . The secondary idlers can only be observed when both signal waves are injected into the WG thus naturally leading to an AND gate (see Supplementary Note 3.1). In the middle panel of Fig. 3 (a), this gate is experimentally implemented in region G1 with signal waves f s1 = 2.830 MHz and f s2 = 2.880 MHz namely ∆ = 50 kHz (blue), pump wave f p = 3.254 MHz (red) and the secondary idler waves (green) are observed at f Next to implement an OR gate, spectrally degenerate idler waves are generated from two pump waves at f p1 and f p2 = f p1 + ∆/2 in addition to the two signal waves (f s1 and f s2 ). This results in four idler waves of which two can be made degenerate at frequency f i11 = 2f p1 − f s1 = 2f p2 − f s2 = f i22 by appropriately tuning f p2 (see Supplementary Note 3.2). Consequently this enables the degenerate idlers to be observed when either or both signals are injected into the WG yielding an OR gate. Experimentally two signals f s1 = 3.825 MHz and f s2 = 3.881 MHz (blue) and two pumps f p1 = 4.347 MHz and f p2 = 4.375 MHz namely ∆ = 56 kHz (red) are injected into G2 which results in output idler waves at f i11 = f i22 = 4.869 MHz (green) as shown in the middle panel of Fig. 3(b) . This measurement reveals the OR gate can be successfully executed between 4.5-4.9 MHz as shown in the right panel of Fig. 3(b) , when the signal frequencies are swept, from the degenerate idlers generated by the precisely tuned dual pump excitations (see Supplementary Fig. 4 for more details).
Finally to realise the XOR gate, destructive interference between the degenerate idler waves, used for the OR gate, is utilised. Specifically two pump waves tuned to yield degenerate idlers, but now with a π/2 phase difference, are applied to the WG which causes the idler waves to interfere and cancel out resulting in the XOR gate operation (see Supplementary Note 3.3 and Supplementary Fig. 5 ). In the experiment, two pumps f p1 = 5.356 MHz and f p2 = 5.390 MHz (i.e. ∆ = 67.5 kHz) with a relative π/2 phase shift (red and purple in the middle panel of Fig. 3(c) ) and two signals f s1 = 4.860 MHz and f s2 = 4.928 MHz are injected into region G3 of WG 1. This results in the degenerate idler wave at f i11 = f i22 = 5.852 MHz being eliminated, as shown in the middle panel of Fig. 3(c) , whereas excitation of either one of the two signals yields an idler wave output. The XOR output can also be observed between 5.45-5.9 MHz in the phonon WG when the signal wave frequencies are swept as shown in the right panel of Fig.  3 (c) (see Supplementary Fig. 6 for more details).
The AND, OR and XOR gates can be executed in all 4 spectral regions G1-G4 in the phonon WG by simply adjusting the pump conditions. More importantly, the idler outputs can be used as signal inputs for further logic operations that would enable the realisation of a series of logic gates and construction of complex logic circuits. Consequently multiple and reconfigurable logic gates via FWM can be implemented over the broad transmission band in the phonon WG.
High speed mechanical logic gates. The broad transmission band in the phonon WG also offers the prospect of high speed logic gates. To that end the AND gate was realised in region G3 in WG 1 with two signal waves at f s1 = 5.010 MHz and f s2 = 5.077 MHz which were rapidly amplitude modulated by a pseudo-random bit sequence (PRBS) at 3 kb/s and a continuous wave (CW) pump at f p =5.322 MHz that were simultaneously injected into the WG. The output idler at f (2) i12 = 5.702 MHz is only generated during the presence of both signal inputs, as shown in the right panel of Fig. 4(a) , and thus it can successfully encode the AND gate at 3 kb/s. Additionally the OR gate was realised in region G1 in WG 1 with two signal waves injected at f s1 = 3.010 MHz and f s2 = 3.060 MHz (i.e. ∆ = 50 kHz) which again were rapidly amplitude modulated by the PRBS at 3 kb/s and two CW pumps injected at f p1 = 3.279 MHz and f p2 = 3.304 MHz. Now the output idler at f i11 = f i22 = 3.548 MHz is only eliminated if both signal inputs are absent as shown in the right panel of Fig. 4(b) and thus it can also encode the OR gate at high speed. It should be noted that the OR idler's amplitude varies when only f s2 is active in contrast to when f s1 or both f s1 and f s2 are activated and is due to idler conversion efficiencies being different for the two pumps.
The fidelity of the high speed AND and OR logic gates can be evaluated via the eye pattern acquired from the above measurement protocol with multiple runs of the PRBS at 1 kb/s and is shown in Figs. 4(c) in the left and right panels respectively. The eye openings indicate that the AND gates can be successfully executed even with the presence of multiple input phonon waves that yield a rich idler spectrum. Note that the eye opening is less clearly defined for the OR gate as consequence of the differing idler conversion efficiencies between the two pumps as detailed above.
Parallel logic gates. Another consequence of the broad transmission band in the WG is the possibility to execute logic gates in parallel in the different gate regions G1-G4 as detailed in Fig. 1(b Fig. 5 ). Simultaneously two additional signal waves f s3 = 6.020 MHz and f s4 = 6.110 MHz with the same random amplitude modulation and two CW pumps f p2 = 6.315 MHz and f p3 = 6.360 MHz are injected into the WG to generate the idler at f i23 = f i34 = 6.610 MHz for the OR gate in G4 (see the left insets of Fig. 5 ). The temporal response of the amplitudes of the output idlers f (2) i12 and f i23 (or f i34 ), acquired concurrently and shown in the right panels of Fig. 5 , confirms that they can successfully encode AND and OR gates simultaneously. Consequently this result indicates that frequency-division-multiplexing can be applied to the signal and pump waves injected into the phonon WG to realise a spectral logic array in which Boolean logic gates can be executed in parallel.
II. DISCUSSION
The key merit of the phonon WG is its broad transmission band which allows the operation speed of mechanical logic gates to be increased up to ∼ 3 kb/s that is significantly faster than conventional resonance based mechanical systems. In spite of this advance, and from the view point of practical applications, this speedup is still insufficient and several orders of magnitude of further enhancement is needed.
The current device is confined to the 1.5-8.2 MHz operation frequency of the transmission band and the switching speed is limited by the 8 kHz bandwidth of the FP resonances. Both of these properties need to be improved before the phonon WG architecture can be considered as a practical system for information signal processing. First to increase the frequency of the transmission band requires further miniaturisation of the WG down to submicron scales for hypersonic phonons which in principle will concomitantly be accompanied by a wider transmission band. Second, a flat transmission band without FP resonances will enable the switching speed to be increased up to the bandwidth of the transmission band. The low conversion efficiencies likely to emerge due to the absence of FP resonance will then need to be compensated for by careful engineering of the phonon dispersion relations that would permit the phase matching needed for FWM.
A potential platform for hypersonic phonons could be accessed from two-dimensional phononic crystals (2D PnCs) where a line defect in a 2D periodic structure can form a phonon waveguide in which GHz phonons can be spatially confined and guided in a multi-GHz wide transmission band [36] [37] [38] [39] [40] [41] [42] . The prospect of electrically controlling hypersonic phonons in 2D PnCs offers the possibility of frequency-division-multiplexing a large number of logic gates in parallel all of which could be operated at Gb/s by applying the techniques demonstrated in this study. Furthermore the hypersonic PnC WG would also not suffer from performance limitations due to air damping as hypersound vibration amplitudes approach the mean free path of intermolecular distance in air thus enabling this architecture to be implemented in normal environmental conditions 43 . A phonon WG is developed in which frequencydivision-multiplexed logic gates via mechanical FWM are demonstrated which are not only reconfigurable on the fly they can also be operated at kHz speeds. The prospect of exploiting these techniques in hypersonic structures paves the way towards novel phonon logic devices which in their ultimate evolution could be operated with low power consumption, thus offering the ideal realisation of environmentally friendly information technology.
METHODS
The phonon WGs were constructed from a GaAs/AlGaAs heterostructure by isotopically and selectively etching a 3 µm thick Al0.65Ga0.35As sacrificial layer through the periodic air-holes that were defined through a 5 nm GaAs layer on top of 95 nm Al0.27Ga0.73As and 100 nm n-GaAs layers with HF(5%):H2O(95%) solution. The 40 min selective etching time also determined the WG's width to be 34 µm. The 80 nm thick Au gates were located on both edges of the WGs and they formed the top electrode of the piezoelectric stack that was used to activate the phonon waves in the WG. The application of alternating electric voltage from a signal generator (NF Wavefactory 1974) to one of the electrodes induces bending mechanical vibrations in the WG due to the piezoelectric effect. The resultant vibration travels down the WG and is optically detected in a He-Ne laser Doppler interferometer (Neoark MLD-230V-200) .
The spectral responses in Figs. 1(b), 2 and 3(a)-(c) The output spectra of (a) AND, (b) OR and (c) XOR logic gates executed in spectral windows G1, G2 and G3 in WG 1 respectively as detailed in Fig. 1(b) . Left: The input/output configurations of the logic gate being executed via the phonon excitations in the WG where the signal, pump and idler are coloured blue, red (or purple to imply a phase shift) and green respectively throughout. Middle: All the logic gates are executed as a function of signal input configurations in the WG where signal 1 (fs1) and signal 2 (fs2) being on and off respectively yields the binary input 10, fs1 = off fs2 = on yields 01, both signals being on gives 11 and the corresponding input/output configurations of the logic gates are shown in the right insets. Note that numerous other peaks are generated in the WG when all the input excitations are activated which corresponds to different mixing combinations between the signal, pump and idler waves. Right: The output logical idlers can be generated over a broad range of frequencies as the signal frequencies are swept for the different input configurations of 00 (grey), 10 (light blue), 01 (pink) and 11 (orange). The dotted line indicates the idlers described in the middle panel. In order to demonstrate the availability of broadband frequency conversion via four-wave-mixing (FWM) in the phonon waveguide (WG), the pump wave is fixed on the Fabry-Perot (FP) resonance peak at 4.468 MHz and the signal wave is swept in the transmission band of WG 2 between 3.7-5.2 MHz. The resultant idler phonon wave generated in the transmission band is shown in Supplementary Fig. 1 . As the signal frequency passes through the FP resonances, the amplitude of the idler wave is enhanced, due to the field enhancment in the FWM process, and it reproduces the FP resonance spectral structure observed in the transmission measurements.
Supplementary Note 2. IDLER AMPLIFICATION VIA FABRY-PEROT RESONANCE
The FP resonances in the WG can be used to enhance the efficiency of the mechanical FWM process. Supplementary Fig. 2(a) shows the idler amplitude as a function of pump excitation voltage. The idler (green lines in Supplementary Fig. 2(b) ) generation efficiency is strongly dependent on the frequency mismatch of it and the signal and pump waves (blue and red lines in Supplementary Fig. 2(b) ) with respect to the FP resonances. For instance when both the signal and pump excitation frequencies are detuned from the FP frequencies (grey points in Supplementary Fig. 2 (a) and bottom panel in Supplementary Fig. 2(b) ), the idler amplitude is markedly less than when either the signal or pump waves are tuned onto the FP resonances (green and blue points in Supplementary  Fig. 2(a) and the middle panels in Supplementary Fig. 2(b) respectively) . Finally if both the signal and pump excitations are tuned onto the FP resonances, the idler amplitude exhibits a further amplification of 7 dB as detailed by the red points in Supplementary Fig. 2(a) and the top panel in Supplementary Fig. 2(b) . This enhancement in the idler generation is due to the reduced phase mismatch between the signal, pump and idler waves, in addition to energy conservation, which is almost entirely eliminated when all the waves are located at the spectral positions of the FP resonances.
Supplementary Note 3. FREQUENCY DEPENDENCE OF THE PRIMARY LOGIC GATES
The broadband response of the idler generation, detailed in Supplementary Note 1, indicates that the primary logic gates executed in the main text are not limited to narrow spectral regions as is the case for mechanical resonator based logic gates. The spectral dependence of the logic gates can be predicted from the details of the FWM process used to generate them and is described below.
Supplementary Note 3.1. AND gate
As detailed in the main text, the AND gate is executed by employing two signal waves into which binary information is encoded and a single pump wave (f p ) which generate the 2nd-order idler waves. As a first step to this gate, signal wave 1 (f s1 ) is activated and signal wave 2 (f s2 ) is inactive corresponding to the binary input 10. In this configuration an idler from f s1 is generated when the pump is activated as f = 2f p -f s1 , namely the idler has a negative variation with respect to the signal wave as depicted in the left panel of Supplementary Fig. 3(a) via the blue, red and green lines (throughout) for the signal, pump and idler waves respectively, and experimentally confirmed in the left panel of Supplementary Fig. 3(b) . A similar observation is also made in the opposite configuration, namely the logical input 01 yielding the idler f (1) i2 = 2f p -f s2 as depicted in the middle panel of Supplementary Fig. 3(a) and experimentally confirmed in the middle panel of Supplementary Fig. 3(b) . Note that the f = 2(2f p − f s1 ) − (2f p − f s2 ) = 2f p − 2f s1 + f s2 ,
and,
and are depicted by the dark green lines in the right panel of Supplementary Fig. 3(a) and are experimentally confirmed in the right panel of Supplementary Fig. 3(b) . Since these 2nd-order idlers only emerge when both signal waves are activated they naturally enable the realisation of the AND gate. Importantly since the 2nd-order idlers wave can be tuned across the entire transmission band in the WG, by adjusting the signal frequency, they enable this gate to be executed over a wide range of frequencies.
